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Abstract 
An experiment was conducted at Jefferson Lab's 

Continuous Electron Beam Accelerator Facility to 
develop a technique for characterizing the nonlinear fields 
of the beam transport system. Two air-core dipole 
magnets were simultaneously driven at two different 
frequencies to provide a time-dependent transverse 
modulation of the electron beam. Fourier decomposition 
of beam position monitor data was then used to measure 
the amplitude of these frequencies at different positions 
along the beamline. For a purely linear transport system 
one expects to find solely the frequencies that were 
applied to the dipoles with amplitudes that depend on the 
phase advance of the lattice. In the presence of nonlinear 
fields one expects to also find harmonics of the driving 
frequencies that depend on the order of the nonlinearity. 
The technique was calibrated using one of the sextupole 
magnets in a CEBAF beamline and then applied to a 
dipole to measure the sextupole strength of the magnet. A 
comparison is made between beam-based measurements, 
results from Elegant [1] simulations and data from our 
Magnet Measurement Facility. 

INTRODUCTION 
The CEBAF accelerator is a 5-pass 6 GeV polarized 

CW electron machine that is presently being upgraded to 
12 GeV (Fig.1) [2]. 

 

Figure 1: Schematic of the CEBAF 12 GeV upgrade. 

The Arc, Spreader and Recombiner magnets of the 
machine will require upgraded power supplies and 
additional steel to transport the higher energy beam 
within the existing racetrack layout. Field quality of the 
individual magnets and the systems of magnets that 
comprise the Spreader and Recombiner segments will 
need to be well characterized to enable us to deliver high 
quality beam to our users. Beam-based techniques are 
being developed to supplement offline modelling and 
magnet measurement data to be used as the new 
beamlines are commissioned. Dual AC dipole excitation 
to search for nonlinear components of beamline elements 
is one of those tools. 

Model 
A simple model of zero-length elements can be used to 

show how two different AC dipole frequencies will 
propagate and mix across a nonlinear lattice and be 
detected in a beam position monitor (Fig.2).  

 

 
 
 

We use transfer matrices to represent the beamline 
between the elements of the model. The segment between 
the two AC dipoles k1 and k2 is represented by the matrix 
L, the segment between the second AC dipole and the 
sextupole is represented by matrix M and the last segment 
from the sextupole to the beam position monitor is 
represented by matrix N. 

The beam position and angle entering any element will 
be noted with a minus sign while the angle and position 
leaving a beamline element will be noted with a plus sign 
in the subscript. Pure modulations in the x-plane will be 
assumed for the development of this model. 

For the beam entering k1 the initial conditions for 
position and angle are set as 
 
 1 1 0k kX X   . (1) 

 
We apply an AC modulation with amplitude A1 and 
frequency ω1 to the first kicker. The position and angle at 
the exit of k1 are 
 1 0kX    (2) 

 1 1 1coskX A t  . (3) 

L M N 

Sextupole k1 k2 BPM 

Figure 2: Model for evaluating nonlinear transport. 

____________________________________________  
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We use the L transfer matrix to take the beam from the 
exit of the first kicker to the entrance of the second 
kicker. 

 2 111 12

2 121 22

k k

k k

X XL L
X XL L

 

 

    
         

 (4) 

 2 12 1 1coskX L A t   (5) 

 2 22 1 1coskX L A t  . (6) 

 
We apply an AC modulation to the second kicker with 
amplitude A2 and frequency ω2. The position at the exit of 
k2 remains unchanged but the angle is modified. 
 
 2 12 1 1coskX L A t   (7) 

 2 22 1 1 2 2cos coskX L A t A t     (8) 

 
Using the M transfer matrix to take the beam from the 
exit of the second kicker to the entrance of the sextupole 
we have 

 211 12

221 22

s k

s k

X XM M
X XM M

 

 

    
         

 (9) 

 12 1 1 12 2 2( ) cos cossX ML A t M A t     (10) 

 22 1 1 22 2 2( ) cos cossX ML A t M A t    . (11) 

 
The sextupole is a nonlinear element with magnetic 

fields defined by 

 0
2

2
x

BB xy
a

  (12) 

 2 20
2

( )y
BB x y
a

   (13) 

 
where B0 is the field at the pole and a is the radius of the 
sextupole aperture. For modulation in the x-plane (y=0) 
we have only 

 20
2y

BB x
a

 . (14) 

 
Through the Lorentz force the field By provides a kick to 
the beam and changes the angle according to 

 4 ( ) ( )
2.998 10

( )
yB G L cm

x
E MeV

    (15) 

 
4

2 20
2

2.998 10

z

x B L x Sx
a p




    (16) 

 
Applying this result at the exit of the sextupole we have 
 
 12 1 1 12 2 2( ) cos cossX ML A t M A t     (17) 

 

22 1 1 22 2 2

2 2 2
12 1 1

12 12 1 2 1 2

2 2 2
12 2 2

( ) cos cos

(( ) ) cos

2( ) ( ) cos cos .

( ) cos

sX ML A t M A t

ML A t
S ML M A A t t

M A t

 


 



   

 
 

 
 
 

 (18) 

Using trigonometric identities we can rewrite Eq. 18 as 
 

 
 

 

22 1 1 22 2 2

2 2 1
12 1 12

12 12 1 2 1 2

2 2 1
1 2 12 2 22

( ) cos cos

(( ) ) 1 cos 2

( ) ( ) [cos( ) .

cos( ) ] ( ) 1 cos2

sX ML A t M A t

ML A t
S ML M A A t

t M A t

 



 

  

   

  
 

  
 

    

 (19) 

 
In addition to the initial frequencies of ω1 and ω2 we now 
also have 2ω1, 2ω2, ω1+ω2 and ω1-ω2 appearing in the 
expansion. The N transfer matrix finally takes the beam 
from the exit of the sextupole to the BPM resulting in 
these same spectra appearing in the position and angle 
data which can now be measured. 
 

 11 12

21 22

bpm s

sbpm

X XN N
XN NX





    
          

 (20) 

 11 12bpm s sX N X N X    (21) 

 21 22bpm s sX N X N X     (22). 

EXPERIMENT 
The experiment was conducted using pairs of AC 

dipole magnets driven at 1 Hz and 21 Hz in the x-plane or 
y-plane (Fig. 3). These magnet pairs, located at the 
entrance of CEBAFs first recirculation ARC, are 
separated by ~22 m. The time domain data from the beam 
modulation was captured using eight of our antenna-style 
beam position monitors with all 32 antennae connected to 
a high speed Data Acquisition System. 

A beam structure of 100 s macropulses at a repetition 
rate of 500 Hz was used. The daq was triggered at this 
rate, delayed 30 s to allow for RF transients to pass, and 
then acquired 70 samples which were averaged to provide 
the data for that pulse. The amplitude and phase of the 
kicker magnets was also captured by the daq. 

One of the ARC sextupole magnets was initially used 
as a calibration standard to benchmark the measurement 
technique. Measurements of a pair of CEBAF ARC 
dipoles were then conducted to determine the nonlinear 
field content of these 1 m dipoles. A local closed orbit 
bump was used to offset the beam within the dipoles and 
measure the nonlinear fields across the magnet midplane.  
 

 

Figure 3: Hardware setup for dual AC dipole studies. 
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Sextupole Measurements 
Beam modulation in the x-plane and y-plane were 

performed as a function of field strength for one of the 
ARC1 sextupoles. All other sextupoles in the ARC were 
degaussed during the measurements. Fourier analysis of 
the time domain data was used to find the frequencies and 
the NAFF technique [3] was used to find the amplitudes 
as a function of field strength. 

Figure 4 shows an Elegant simulation of a sextupole 
with beam modulation in the y-plane alongside a beam 
based measurement for a sextupole field of 1000 G/cm. 
The primary peaks at 1 Hz and 21 Hz are observed as 
well as the harmonics from the second order sextupole. 
 

 

Figure 4: Comparison of an Elegant simulation (left) with 
a beam measurement (right) of sextupole spectra. 

The measured amplitudes of the peaks scale linearly 
with the strength of the sextupole (Fig. 5). With 
knowledge of the transfer matrices between elements we 
can now measure nonlinear fields in the lattice. 
 

 

Figure 5: A linear relationship is observed between the 
second order peaks and the sextupole strength. 

 

Dipole Measurements 
The CEBAF ARC1 beamline is a 250 m long π-bend 

consisting of 16 one meter dipoles. The magnets were 
characterized with a Hall probe stepper system in our 
Magnet Measurement Facility. Twenty-one different 
tracks through the dipole were measured with a spacing of 
5 mm. A data point was taken every 2 mm along each 
track to create a grid of points. The data was analyzed 
along curved trajectories to calculate multipoles at 

different paths relative to the nominal reference orbit. 
Figure 6 shows the results for sextupole strength. 
 

 

Figure 6: Magnet measurement data of an ARC1 dipole. 

 
Beam-based measurements of dipole field nonlinearity 

were done with modulations in the y-plane at different 
transverse positions within a pair of adjacent dipoles. The 
beam was offset with a local orbit bump within the 
magnets and steered back onto the design orbit at a 
downstream BPM for measurements. Figure 7 shows the 
amplitude of the peaks. 
 

 

Figure 7: Amplitude of peaks for dipole measurements. 

CONCLUSION 
Dual AC dipoles have been used to develop a technique 

for characterizing field nonlinearities in the CEBAF 
lattice. Calibration runs with a single sextupole were done 
to provide a benchmark for measuring arbitrary segments 
of the beamline. Measurements of dipole field 
nonlinearities were done for a pair of magnets in an ARC. 
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