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Abstract

Any introduction on beam dynamics describes the field
homogeneity of the accelerator magnetsusing local deriva-
tives. These are then typically described as plane circu-
lar multipoles or 2D harmonics; solutions to the potential
equation. The high current operation, foreseen for SIS100
accelerator of FAIR, requires an in detail understanding of
the different beam effects, driven by the resonance of the
magnets. Therefore different multipole sets were devel-
oped and are now finalised in the Local Elliptic Toroidal
Multipoles. These are afirst order approximationwhilethe
planecircular onesare azero order onein theinverse aspect
ratio.

INTRODUCTION

The path of acharged particle beamis deviated in amag-
netic field. For uniform dipole fields this path will be a
circular trgjectory. Standard beam dynamcis then describe
higher order distortions by a Taylor series expansionin the
transveral coordinates of the tripod moving with the parti-
cle. In practise these field distortions are described using
2D harmonics; an approach of sufficient quality aslong as
the sagitta within the magnet is so small that the resulting
field changeis negligible.

For machineswith a small bending radius this simplifac-
tion is not necessarly valid. Uniform Local Toroidal Mul-
tipoles allow presenting the field deterioriation with a con-
cise representation witout the aforementioned artifact.

MULTIPOLE EXPANSIONSFOR
STRAIGHT MAGNETS
Plane circular multipoles

The irrotational source-free plane magnetic field is ex-
pandedin Cartesian or polar coordinatesasacomplex field:

B(z) =B, (¢, )+ 1Bu(r.5) = By Y. Cr (5222)
m 0 1)
0
:BOZ C,rmemo.

m=0

=B, (r,0)+iBy(r,0)

Plane elliptic multipoles

In a magnet with a rectangular gap an ellipse as refer-
ence curve covers a larger area than a circle. So it is ad-
vantageous to use eliptic coordinatesx = e coshn cosy
and y = e sinh7 siny, witha,band e = Va2 — b2 the

2154

major, minor semi-axes and the eccentricity of the refer-
ence ellipse, which is expressed in the above coordinates
by = tanh~'(b/a). The Cartesian and the elliptic coor-
dinates are connected by a conformal map:

z =z + iy = e cosh(n + i) = e coshw. ()]

Solving the potential equation by separation leadsto hyper-
bolic functionsin  and trigonometric functionsin ). The
complex field expansionisB(w) = B, (n,¢)+iBy(n,¥):

B(w) < JFZ cosh[n n+z¢)]>'

— cosh(nmno)
In view of the transformation (2) expansions for the same
field arerelated. In fact:

cosh[n(n + i1))] = cosh(nn) cos(niy) + i sinh(nn) sin(niy)

= 2o [R€(tm n2™) + i IM(ty, 2]

©)
with the residue
tmn = Res(sinhw cosh(nw)/ cosh”™ ' w), w = im/2
4

Also from the values for the E,, valuesfor the C,,, may be
found. The latter are not exactly the same as those found
from the Euler formulae belonging to the expansions (1)
but often give a better approximation.

FIELD EXPANSIONS FOR CURVED
MAGNETS

In these cases atorus segment of circular or elliptic cross
section is used as reference volume. It is assumed that the
field is independent of the toroidal (= azimuthal) variable
¢. So the potential equation contains only the two variables
occurringin the cross section ¢ =const. It cannot be solved
by separation of variables but is amenable to approximate
R-separation: The Laplacian A® contains a term which
accounts for the curvature R... Thisislinearine « 1/R.,
the inverse aspect ratio of the torus. Changing the depen-
dent variable from @ enable to v/h® (where h is propor-
tional to the metric coefficient of the toroidal variable and
is alinear polynomial in €) gives the curvature term a de-
pendence on €2. This may be neglected. The differential
operator so truncated is the Laplacian in plane polar or -
liptic coordinates and is separable. However, the complex
field expansionisnolonger possiblein suchlocal rotational
coordinates. Further the basic vector fields found from gra-
dients of particular solutions for the potential are no longer
orthogonal among each other.
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Local circular toroidal coordinates

These coordinates are obtained by rotating off-centre di-
mensionless polar coordinates p, ¥ by an angle ¢:

X+1iY =
h =

Rc heigo7 Z =
1+ ¢€p cost

Ry sin 4,
Ro/Rc

€ =

R¢ =major radius=radius of curvature; Ry = minor radius
=referenceradius; e theinverse aspect ratio. The Cartesian
coordinates X, Y, Z are centred in the torus centre; Z is
normal to the equatorial plane.

The approximate solutions of the potential equation
obtained by the approximate R-separation are: ®,, =
h=1/2 pmeim? gy =0, 1,2, .... Introducing Cartesian co-
ordinates z’, 4’ in the plane ¢ = const:

7 =2 +iy = Rype” (5)

we get the approximate circular toroidal multipoles:

;M 7 \xmA+1 rN=1 2

(I)mx/7/:(z_>_£ (Z_>+(Z_> |Z|

@)=z ) 1|\ R Ro) R
(6)

Corresponding (normal and skew) vector fieldsare(m =1,
2,..):

'_ij(iﬂ y) - RO V,(I) ( ! y/)a
(et g Re(Tn (e, '), T
Local toroidal elliptic coordinates

The coordinates are quite new. They are obtained by
rotating off centre elliptic coordinates 77, v by an angle ¢:

Y= (T (2, y).

X +iY =
h =

RC BeiSa Z =

1+ écoshfcosy

Rcésinh 77sin 1)

A segment of a torus with elliptic cross section is given
by 0 <7 < 7o, =7 <9 < m —@o < ¢ < Po, with
the elliptic aspect ratio 77 = % and the eccentricity e =
a? — b2
Apart from a factor RZ.e%/ [cosh (27]) — cos(2¢)] the
potential equationis:

8—2+8—2—E sinh‘cosz/_)— +coshn SHN/)—
A T R T

1[0 02 @&
N +8—152 2 (cosh(27) — cos(21)) )}( <I>)

Approximate multipoles are solutions accurate to the first
orderinée

(i)cn(ﬁﬂ/_)) =38 a@z_’) cosh(n )COS(TM/J) + O(€ ) (7)
(i)sn(ﬁv 1/_)) = S( 31[}) nh(n )Sln(m/)) + O( )a (8)

with )
S(1.9) = (1 - b cosh(@cos() @
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Figure 1: Therotating coil probe within the curved magnet
aperture.

The corresponding toroidal components of the magnetic
induction are obtained by gradients. These are rather in-
volved in elliptic toroidal coordinates. We prefer to define
them in the Cartesian coordinates givenin (5)

- € _
T @y) = -V (dy) (10
s é _

Ty (@y) = —— Vo (@y) (1)

M
Ba'y) = Y (FnT @)+ 5T (1))
m=1
The real, the imaginary part respectively of (7-
8) are separately used to replace cosh(n7)cos(ni),
sinh(n7) sin(ny), respectively by polynomias in z’, y'.
Taking into account the factor S(77, ¢) leads to the final re-
sult:

Z tmnRe 3’) Y )]

and a corresponding result ®,,, (z',y') and the imaginary
part. The .., are givenin (5). The connection between
the Fourier components of the rotating coil voltage and the
expansions coefficients 7,,,, 5, can then be done analo-
goudly to the case of the circular toroidal multipoles[1].

(12)

APPLICATION

The following description expects that the reader has a
basic understanding of rotating coil measurements (see e.g.
[2]); a longer deviation is given [1]. Here the model of
the coil probe in the toroidal field is used to show which
effects are to be expected from these new multipoles (see
alsoFig. 1) . Imagineapureradial coil with onewireinthe
rotation centre and the other one at theradius R. Itsaxisis
in the equatorial plane of the torus segment. Then the flux
seen by the coil probe at any angleis given by

¢):[j2/_i(§-€,.)dzdr.

(13)
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This flux can then be expressed by

(P((b) =K, [g’momn COS(H(ﬁ) — TmDmn Sll’l(n(ﬁ)] (14)

using the geometric coefficients of the coil probe K, (see
e.g. [2]). Theusua circular multipolesc,, = b,, + ia, can
then be given by

M

> T Dy (15)

m=1

M
an = — § Sm Cmna bn =
m=1

Matrices C,,,,, and D,,,,, are equal aslong asthe coil probes
axis istangential to the bigger torus circle with the middle
of the coil thetangentia point. ThematricesC',,,,, and D,
show how the multipoles correspond to each other. If these
matrices had only non zero elements on the diagonal each
toroidal multipole would be only be scaled.

Each matrix element of C' and D comprises of 2 terms.
The conversion matrix (C.,.,,) can be written in the follow-
ing form

C=1—-¢(U+L?).

The matrix consists of 2 submatrices whose magnitude de-
pendontheratioe = Ro/R¢. U isgiven by

(16)

n
= m - 17
4(m _ 1) 67l+1~, ( )
The matrix £ is given by
. l2 K7n+2
co _ _ B - 1
£ =m URZ  A(m+1) Knm On—t.m (18)

It givesa“feed up” of one multipoleto the next. Theterms
K, aretypically of the same order of magnitude. Thusthe
first term will be the dominant one for any real coil probe
length (typically much larger than the reference radius).

With these results the following conclusions can be
drawn: In a gedankenexperiment one could make the term
K, oneby using acoil probewithr, = Ryandr; = 0and
the number of windings= 1/I. Thenevenlim; o K,, =1
would hold. This would be a coil of zero length and thus
acoil probein aplane. For [ = 0 thefirst term would be
zero and the second term 1/[4(m+1)]. Thisshowsthat the
approximate correspondence between plane circular multi-
poles and circular local toroidal coordinatesis a“feed up”
and “feed down” of each multipoleto his neighbours.

If one usesthe coil probeof realistic length (or the length
of the dipole magnet) one can estimate the magnitude of
the errors made as well as the multipoles affected using
the standard 2D plane multipolesinstead of the appropriate
local toroidal ones.

Magnitude of the terms

The formulae given above were eval uated for the follow-
ing different machines. the Large Hadron Collider (LHC)
at CERNJ[3], SIS100 [4, 5] and SIS300 at GSI, and NICA
[6] at Dubna (see Table 1).
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Table 1: Parameters for different machines.

Re[m]  Ro[mm]  e[units] L [mm]
LHC 2804 17 0.04 600
SIS100 52.5 40 7.62 600
SIS300 52.5 35 6.67 600
NICA 15 40 26.67 600

The parameters given in Table 1 were used to calculate
the coefficients of the matrices. Acceleratorsrequireafield
description with an accuracy of 1 unit and roughly 0.1 unit
for the field homogeneity (1 unit equals 100 ppm). There-
fore any contribution less than 1 ppm can be ignored.

Dueto the circumference of the LHC ¢ isvery small and
thus the correction of all matrices are very small (less than
1 ppm) except for the matrix £¢°. It's values close to the
diagonal get to a size of 20 units describing a “feed up”.
Thusonly themainfield creates aspurious quadrupol e of =
3 units. All other harmonicsare small and thus the spurious
oneswell below 1 ppm.

For machines with an aspect ratio asfound for SIS100 or
SIS300 the matrix U isin the order of 100 ppm. It can be
neglected except for the main multipole. The values of the
matrix £° get very large. So the standard model of plane
circular multipolesis not appropriate for these machines.

CONCLUSION

Local circular and elliptic toroidal multipoles were pre-
sented. The modell of a rotating coil probe shows how
these multipoles match to the plane circular multipoles
commonly used to describe the field distortion in the mag-
net.

Theimportant ratio is e or € and coorel ates the beam size
to the radius of curvature. The Gedankenexperiment with
arotating coil probe allows to show that for ainfinite thin
planethecircular multipoleswill smear to the neighbouring
toroidal multipoles. A coil with the length of the magnet
modells precisely the artifacts to expect if plane circular
multipoles are used to descibe the field distortions for a
beam with alarge sagitta within the dipole.
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