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Abstract

For a beam with nonzero transverse emittance and mo-
mentum spread passing through an electric field, for exam-
ple an electric focusing lens or deflector, the orientation of
a spin vector becomes a function of 6D initial phase coor-
dinates that leads to spin aberrations. We investigate this
process analytically and numerically.

INTRODUCTION

At present, electrostatic storage rings are increasingly
used not only in atomic physics, biology and chemistry [1],
but also alleged experiments to search for the electric
dipole moment [2]. Presumably the most successful exper-
iment to search for the EDM is based on the measurement
of the dependence of the spin precession on the strength of
an external guiding field.

The spin
−→
S is a quantum value, but in the classical

physics representation the “spin” means an expectation
value of a quantum mechanical spin operator:

d
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S

dt
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−→
S ×

(−→
B − cβ ×−→

E
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(1)
where μ, d are the corresponding magnetic and electric
dipole moments, c is the speed of light, β is the relative
velocity and E, B are the electric and the magnetic field
vectors respectively. In an experiment to search for EDM
it is desirable to minimize the first term of equation (1) de-
scribed the contribution of the magnetic moment in spin
motion.

In the rest frame of the particle the spin motion is deter-
mined by T–BMT equation (in SI units):

d
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S
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m0γc
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G =
g − 2

2
, (2)

where G is the anomalous magnetic moment, g is the gy-
romagnetic ratio and ωG is the spin precession frequency
relatively of the momentum vector.

In a electrostatic storage ring with B = 0 the spin pre-
cession frequency reads:

−→ω G = − e

m0γc

{(
1

γ2 − 1
−G

)(−→
β ×−→

E
)}

. (3)

The advantages of a purely electrostatic ring are espe-
cially evident in the so-called magic rings, when:

1

γ2
mag − 1

−G = 0 (4)

and the spin oriented in the longitudinal direction rotates in
horizontal plane with the same frequency as the momentum
vector, resulting in ωG = 0 [3].

However, from (3) follows that this condition is only sat-
isfied for particles with G > 0 like protons and energy with
magic value γmag . In addition, as we can also see, the fre-
quency of precession depends on the field, and obviously it
is different for particles with different trajectories.

Thus, the frequency of spin precession has a coherent
component which is the same for all particles and a inco-
herent component, which determines the spin orientation
smearing in time within an electric deflector. We denote
the spin incoherent component as spin aberration. It de-
pends on momentum spread in the beam dωG/dp and the
emittance dωG/dεx,y.

In this paper we consider various causes leading to aber-
rations of spin motion, we estimate their values using sim-
ple analytic techniques and compare them with numerical
results obtained with the simulation program COSY Infin-
ity [4]. Based on these results, we consider different meth-
ods to reduce spin aberrations. Some of the methods have
been proposed previously. Nevertheless, we tested them
using our analytical and numerical models for our electro-
static test lattice.

SPIN OSCILLATION OF NON-MAGIC
PARTICLE

For a particle with an energy different from the “magic”
value γ �= γmag the condition (4) is violated for G −

1
γ2−1 �= 0. Expanding G − (

1/(γ2 − 1)
)

in Taylor se-
ries in the vicinity of the correponding magic momentum
p = pm we get:

(
1

γ2 − 1
−G

)

p=pm+Δp

= 0|p=pm
− 2G

Δp

p
+

+
1 + 3γ2

γ2
G

(
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p

)2

+ . . . (5)

Precession of longitudinal spin component

First, we consider the spin precession in linear approach
versus momentum:

−→ω G = − e

m0γc

{
−2G

Δp

p

(−→
β ×−→

E
)}

. (6)
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Furthermore the spin components will be described in
the following way: z is orientated along the momentum
vector, x and y are horizontal and vertical directions re-
spectively. Taking into account that the vertical electric
field component is expected to be rather small and more-
over the velocity in the vertical direction βx, βy � βz ,
equation (3) can be further simplified to understand the
qualitative behavior of spin motion:

dSx

cβz dt
= +

e

m0γc2
2G

Δp

p
ExSz,

dSz

cβz dt
= − e

m0γc2
2G

Δp

p
ExSx. (7)

In normalized coordinates dϕ = 2π dn = 2π cβz

Lcir
dt,

where Lcir is orbit circumference, we get:

d2Sz

dϕ2
+

(
eExLcir

2πm0c2γ
2G

Δp

p

)2

Sz = 0. (8)

Thus, the spin oscillates in the horizontal plane with tune
νsz satisfy:

Sz = Sz0 cos 2πνszn, νsz =
eExLcir

2πm0c2γ
G
Δp

p
, (9)

where Ex is the average value of the deflecting electric
field. Thus we find that the spin of each particle oscil-
lates with its own frequency, which clearly lead to spin
aberrations and to a complete decoherence of the beam
for a certain period called the spin coherence time. Using
a common definition we can say that the spin coherence
time (SCT) has the finite value. For example, if we as-
sume that the maximum deviation of the momentum equal
to 10−4, we have identified from (9) νsz = 1.588 ·10−4, or
SCT = 6300 turns, which is approximately 1 msec. At the
same time we have made 3D tracking with COSY Infinity
and have found νsz = 1.636·10−4 that coincides with good
accuracy with the analytical estimation.

RF cavity as a method to increase SCT

The idea of using an RF cavity to reduce the precession
of the spin for a particle having an energy difference from
the magic values was already expressed by other authors
some time ago, for instance [5] or in Richard Talman’s
notes.

Obviously, the particle oscillating around the magic mo-
mentum also changes the behavior of the spin motion.
It is easy to see from the equation (8) with (Δp/p) =
= (Δp/p)m cos (νzϕ), where νz — longtitudinal tune due
to RF field, that:

d2Sz

dϕ2
+

{
eExLcir

2πm0c2γ
2G

(
Δp

p

)

m

cos (νzϕ)

}2

Sz = 0.

(10)
This equation describes the pendulum motion in a rapidly
oscillating field. Now, instead of the oscillations with
a frequency νsz , the spin vibrates within a very nar-
row angle Φmax with νz tune Φ ∼ Φmax sin (νzϕ).
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Figure 1: Spin oscillation angle versus longtitudinal and spin
tunes ratio.

The value Φmax ∼ (νsz/νz)
2 depends on the frequency

ratio.
Practically the same results were obtained by numerical

simulation with COSY Infinity. We can see that for our
ratio νz/νsz ≈ 150 the spin aberration is determined by
Φmax ∼ 10−4, which is an extremely small quantity and
does not play a major role.

Second order approach of spin tune versus Δp/p

From the expression (5) one can easily find the frequency
of the oscillations of the spin in the second approach versus
momentum:
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+
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eExLcir

2πm0c2γ
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−2G

Δp

p
+
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γ2
G

(
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(11)
and with RF (Δp/p) = (Δp/p)m cos (νzϕ) we can see
that the spin tune has non-zero average value:
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2

(
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m

(12)

Taking the second approach into account, spin
motion performs fast oscillations with a fre-
quency of RF relative to the average position,
which in turn oscillates with a very low frequency
∼ (Δp/p)2 determined by the average value from
equation (12).

But even for spin tune values we expect for
(Δp/p)max = 10−4 the number of turns for the spin deco-
herence is ≈ 6 · 107, corresponding to SCT ≈ 180 sec. We
tested this behaviour with COSY Infinity and have found
almost complete agreement with our analytical estimation.

OFF-AXIAL PARTICLES

In [6] was shown that particles flying into the deflector
with different deviation from the axis, have different an-
gular momentum, and therefore perform oscillations with
respect to different energy levels.

Figure 2 shows the COSY Infinity tracking results for
two particles with different initial horizontal displacements
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Figure 2: Phase trajectory in longtitudinal plane for initial coor-
dinates x = 0, y = 0 (a) and x = 3mm, y = 0 (b).

in an electrostatic ring. As can be seen, the equilibrium
energy level for off-axial particle shifts up δp/p from the
magic momentum. Besides this, the effect has incoherent
character. This means that the RF cavity will not be able
to reduce the aberration of the spin. Even in the first ap-
proach SCT is very short for off-axial particles due to spin
oscillation with tunes:

νsz =
eExLcir

πm0c2γ
G
δp

p
. (13)

Equilibrium energy level modulation

Since the main reason for spin rotation of particle is its
displacement of the equilibrium energy momentum, which
in turn depends on the initial particle displacement in the
horizontal plane. The only solution to increase SCT is the
modulation of the energy level itself relative of the magic
level. This situation can be realized under the condition
when the longitudinal and transverse horizontal frequen-
cies become closer each to other. For this purpose, we have
reduced the tunes to the values νx = 1.31, νy = 0.64. Fig-
ure 3 shows the COSY Infinity tracking results. Trajectory
of particle compared to the previous case (see fig. 2b) is
modified.
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Figure 3: Phase trajectory modification in longitudinal plane for
initial coordinates x = 3mm, y = 0mm at νx,y = 1.31, 0.64.

Now, the particles carrying the Lissajous curve are
painted over the phase plane with respect to the magic
level of energy, and aberration of the spin vector is de-
termined only by the second order momentum deviation(

δp
p

)2

. In particular, at δp
p = 10−4 and the beam emmi-

tance 2mm · mrad, SCT will be ∼ 500 sec.

FRINGE FIELD INFLUENCE
As we mentioned already the spin precession frequency

depends on the electric field, and obviously it is different
for particles with different trajectories. Just as it was done
in [7], we have identified spin aberrations of the spin due to
the difference of particle trajectories in electric quadrupoles
and deflectors, with COSY Infinity taking into account the
fringe fields.

Since the fringe field can lead to a coherent spin rota-
tion, we should note that we are interested in the incoherent
component of the spin oscillations.
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Figure 4: Incoherent spin oscillation for initial horizontal devia-
tion x = 1, 2, 3mm in the lattice with fringe fields in all elements.

Figure 4 shows that the first spin aberrations increase,
but then stabilized at a very low level acceptable for EDM
experiments.

CONCLUSION
In this paper we examined aberrations of spin emerg-

ing from various causes. We are convinced that the use of
RF cavities is extremely important. However, the use of
RF cavities does not permit to reach a required SCT, while
keeping the beam in the ring for 3000 seconds. For this
purpose it is necessary to paint the beam in the longitudinal
plane by coupling between the longitudinal and transverse
planes, which allows to increase SCT up to 500 sec.

Authors would like to thank S. Andrianov, M. Berz,
A. Ivanov and K. Makino for the helpful discussion of nu-
merical methods for the EDM investigation.
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