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�m�~�{�|�v�q�|�n�x�z�f�I�E�M�
�k�-�g

���"�e�=�N�8���W���/�4�J���`���L�[�_�V�j�%�R�8��
���T�W���Y�/�K�k���^�]�d�G���\�j�Z�a�c�b�U�i���c�V �•

�;���*� �0�c�l�u�{�~�p�€ PIC�C�7�R�t�y�o�s�A�'�c�b�•�W���Q

�t�y�o�s-�v�l�o�|�#�3���9

∂ f
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���	�8���>�5�€�m�~�{�|�!���•�e���P
�W�*�@�`�X�j���
�R�(�h�_�)�1�d�r�~
�w�e�+�,�.���j�<�V�k���B�\�j�S

�O�:���D���}�?�)�2��

H⊥ =
px
2 + py

2

2
+ 1
2
[Kx (s)x

2 + Ky (s)y
2]+δV (x, y;s)+

4πε0rp
qγ 3β 2

φsc (x, y;s)
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} Single-particle resonance

} Incoherent resonance

} Coherent resonance
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mν0 = n

m(ν0 − Δν ) = n

F. J. Sacherer, Ph.D thesis, Lawrence Radiation Laboratory, 1968;
Report No. UCRL-18454, 1968.

m(ν0 −CmhΔν ) = n
Cmh : ���������������!�����������&�(�#�� (m)��� ��

�����������&�(�#�� (h)���������!�$�'�%�(�"
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} Single-particle resonance

} Incoherent resonance

} Coherent resonance
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mν0 = n

m(ν0 − Δν ) = n

Incoherent tune shift
ü ������������
ü �����%������
ü ���������#

F. J. Sacherer, Ph.D thesis, Lawrence Radiation Laboratory, 1968;
Report No. UCRL-18454, 1968.

m(ν0 −CmhΔν ) = n
Cmh : �������$�)�&�'�-����� �����2�4�/�� (m)�&�,�+

�
�������*�2�4�/�� (h)�)�����(�-�0�3�1�4�.
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! Single-particle resonance

! Incoherent resonance

! Coherent resonance
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m! 0 = n

m(! 0 ! " ! ) = n

Incoherent tune shift
! �����������

! �����������

! ����������

m(! 0 ! Cm" ! ) =
#n

2
H. Okamoto and K. Yokoya, Nucl. Instrum. Meth. A 482, 51 (2002).
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! Single-particle resonance

! Incoherent resonance

! Coherent resonance
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k(! 0x ! " ! x ) + ! (! 0y ! " ! y ) = n

k! 0x + ! ! 0y = n
�����'�
�"�����*�-�&���,����

�����������(�.�$�+���#�-�*�(�	�%���&
���3�5�8�7�2�0�/�1�6�4���!��� �-�&���,��

�)����(k, ! , n)
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! Single-particle resonance

! Incoherent resonance

! Coherent resonance
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K. Kojima, H. Okamoto and Y. Tokashiki, Phys. Rev. AB 22, 074201 (2019).

Cm : ���!�2���� (m)�2�4�1���
�,�8�E�5�7���+�&����

k(! 0x ! Cm" ! x ) + ! (! 0y ! Cm" ! y ) =
#n

2

k(! 0x ! " ! x ) + ! (! 0y ! " ! y ) = n

k! 0x + ! ! 0y = n
�����0���)���&�6�9�/�&�8����

�����������1�:�-�7�$�*�9�6�1���.�&�/
�"�?�A�D�C�>�<�;�=�B�@�#�(���'�9�/�&�8�%

m=|k |+ |! |

�3����(k, ! , n)
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! Single-particle resonance

! Incoherent resonance

! Coherent resonance
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RMS tune shifts
! ���
�,��������
! �	���1�"������
! �(�����-

K. Kojima, H. Okamoto and Y. Tokashiki, Phys. Rev. AB 22, 074201 (2019).

Cm : ���4�F�'�" (m)�F�H�E�����@�L�Y�I�K���?�9���"

k(! 0x ! Cm" ! x ) + ! (! 0y ! Cm" ! y ) =
#n

2

k(! 0x ! " ! x ) + ! (! 0y ! " ! y ) = n

k! 0x + ! ! 0y = n
�&�*�D���=�)�9�J�M�C�9�L��� 

�/�
�"�����E�N�A�K�7�>�M�J�E���B�9�C
�5�S�U�X�W�R�P�O�Q�V�T�6�<�!�;�M�C�9�L�8

m=|k |+ |! |

�G�#�"(k, ! , n)

�3�����2���D�G�7���4
���F�"�<�Z���E���:�L !
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�•�‹�…�;�f�o�s�o�o� �!�+�n�V�e�w�P�O�k�;�o�����n�����e�w�$�%
�•tail particles�Ž�o� �!�+�n�V�e�w�P�O�y�>���d�i�p�]�b�m�] �Œ

�=�•�X�•�‹�…�; �Y�y�"�H�U���j�!�L�d�i�s�?�,���•�;�p ! -�H�U�j�!�L�d�m�b�x�q�m�u�m�]�[

�7�s�D�v�g�]�o�p�X�•�‹�…�9���•�|�z�S�
�Ž�Y�o� �!�+�j�\�w �Œ

�•�‹�…�;�_�	�W��� �!���e�w�:���• coherent resonance condition�Ž�p�ƒ�‡�~�‚�4�F�(�^�u�1���O
�C�n�#�^�x�g�s�o�j�Z�*�]���8���3���y�/�h�•�‹�…�t���u�^�o�@�B�j�5�n�&���d�g�•�‹�…�o� �!
�+�y�N�Q�e�w�s�o�j�p�m�]�[

�$�%�•�•�‹�…�€�‰�‹�Ž�y�<�-�e�w�J���p�|�z�S�
�k�o�{�‹�‰�Š�K���_�)�a�Z
�2���J���C�m�0�w�M�]�y�E�e�• incoherent tune shift�p�c�r�l���`�a�m�]�[

�I 16���6�9�
�R�������'�� @���T����

�|�z�o���w�„�•�Š�}�†�ˆ�_�.�w�G�o�����k�d�i���A�• Frozen Space-charge Model �Ž
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k(! 0x ! " ! x ) + ! (! 0y ! " ! y ) = n
�V�c�Y�^�d�b�c�]���9�!��

�: ���*�����9�+�U���B�>�E�F�C�=�K�N�"���N
���9�P�I�.���D�S�@�M�6�D�S���'�L����
���%�O�L�?�>

�; �V�c�Y�^�d�b�c�]�\�`�d�c�N�Q�G�J�Q�R�C�?�Z�_
�]�5�U�0�)�D�S�>�*�������6���O�2��
�M�����D�S�C�@�L�?�e�X�W�[���A�8�,�M�&
�?�R�T�H�?�S�f�>

�< �V�c�Y�^�d�b�c�]�\�`�d�c�N�����7���A�:
�I���?�E���*�����9�+�J�4�L�R�L�?���-
�M�
���# P �U�-�B�>

���*�����9�!��
k! 0x + ! ! 0y = n

�$�/�a�d�a
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! �+�&�>�P�@���3���H�J�K�

�B�]�$�����[���/�^�$�\�G��
�$��������

�S�W�Z�X�Y�T���	

! ���E�<�D�M�_�$�L�C�G�2�$��
�������Q�*�8�E�6�1�O�4��
���G�)�#�H�,� �C�;�E�6�5

! �!�M���6���3�H�^�$�D�6�7�=
�D�F�E�A�B�?�L�7�5

! �V�Y�U���G���3�$������
���:�,� �C�;�E�6�5

! �V�Y�U���H���- Òincoherent 
tune spreadÓ�F�%�I�B� �N
�9�F�'�6�5

�R�Y�S�W�Z�X�Y�T���	
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Initially matched Òwaterbag Ó core ( ! = 0.8 )

��� ���� sextupolemode (m= 3) �����
���
������ bare tune�� 1/6 ���������!�� 1/3 �������� �"

��� ���� octupole mode (m= 4) �����
���
������ bare tune�� 1/8 ���������!�� 1/4 �������� �"
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C2 C3 C4

Gaussian 0.78 ! 0.05 0.77 ! 0.06 0.71 ! 0.06

Waterbag 0.71 ! 0.04 0.87 ! 0.03 0.92 ! 0.01

Parabolic 0.73 ! 0.05 0.85 ! 0.04 0.87 ! 0.02

C2 C3 C4

Gaussian 0.71 ! 0.05 0.72 ! 0.08 -----

Waterbag 0.72 ! 0.05 0.82 ! 0.03 0.84 ! 0.01

Parabolic 0.71 ! 0.05 0.80 ! 0.05 0.79 ! 0.01

k! 0x + ! ! 0y =
! m

1! (1! ! )Cm

�����	���� �2�.�/�1�0 ! m�3�* m �����!�����)�+�,���$�*���������4

Tune depression " �&�
���'�-�(�%�,����

�#�������$ �����2�
�3���$
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�����9�����7�)�� �F�!�����D ! " # $ %&' " �E�<���


�����=�A�@�?�B�>�" ( ) * (+ , - (I2,! 1 = 0) �8���6�*�5�4 PIC�+�'�8�(� 

�����=�A�@�?�B�>�0���� �<�#�4�3�����/

�����3�:�����. (          ) �8�%�$�0���1���	�2�;�: �Ck! < 0

I k! !
! x

k
+

! y

!
= 0
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�*�o�s�o

�C ���.�m�s�i�Z Cm�����W�P�U�=���X���d�>�]�J
�D �v�.���f�k�s�p�q�h���B���:�Y���T�L�U�I�w

�.�t�n�q�e�Z�����-���Y�a�S�U�[�x�.�u�^�V�Z
���B�5�d�%�O�J

�E ���(�Z�;�
�$�d�
�S�U�I �D�V�)�L�R���B�5
�Y�����Z�j�q�i�"�d�����Q�b�J

�F �-�� !" # $ %�d�/�R�Q� ���B�N�`�P�K�c�\�I
�&�9���B�!�Z�"�[�2�_�b�M�I�K�b�L�[���Y
�1�8�Q�b�J

�G ���4�����B�5�W�@�����B�!�Y�'�^�c�R�A
���t�g�s�o���B�A���u�[�������!�W�7�X�Q�J

�H �j�q�i�r�l�n�s�A���Y�����0 P �d�6�O�J

�j�q�i�"�y
! !
"

"
#Rrp

4! # " 2! 3

k(! 0x ! Cm" ! x ) + ! (! 0y ! Cm" ! y ) =
Nsp #n

2

�f�k�s�p�q�h���B�-��
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P (6.45, 6.42)

�D�?�8�;�$������ 3

���'�H 2! R�I 348.333 m

�	���9�A�E�:�G 400 MeV

�	���9�C�>�<�F�; 200 ! mm.mrad

�B�F�=�' 92 m

�!�����H���B�F�=�I 4.165 ! 1013

RMS tune depression : " # $%&'

Band width : 
()

*
# $%+,

! Sextupole mode (m - 3) �����1����
���������7�"���*

! . / 0 $%12 �+�6�3 . 3 0 $%' �7�����*

! RCS�.�2 45 # 46 �/�1�.�) 7898: ; 0
<+8= +8$>�0���-�,�����(�1�B�F�@��
�7�4�5���#�*


